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Abst rac t - -Some properties of the factors of both standard Fermat numbers, Fm = 22''~ + 1, and 
generalized Fermat numbers, Fro(a, b) = a 2m + b 2"~ , are reported. The properties are mainly related 
to the presence of common prime factors. Several anomalies in the distribution of factors are also 
analyzed. (~) 2000 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Standard  Fermat  numbers are of the form 
Fm = 22"~ + 1, 
while general ized Fermat  numbers (GFNs)  are of the form 
Fm (a, b) = a 2"~ + b 2''', gcd (a, b) = 1. 
It  is well known [1-3] that  both  s tandard  and general ized Fermat  numbers lack algebraic factors. 
Nevertheless, most of them are known to be composite apar t  from their  init ial  terms. Pr ime 
factors are of the form k • 2 n + 1, with odd k and n > m for GFNs  and n > m + 1 for s tandard  
Fermat  numbers.  The notat ion which will be used is as follows: Fm = Fro(2, 1) = 22''' + 1 and 
Fro(a) = Fro(a, 1) = a 2"~ + 1. Among the s tandard  Fermat  numbers,  only F0 through F4 are 
current ly  known to be prime, and only F5 through Fu  have been completely factored [4-6]. In 
the last few decades, much effort and extensive computer  work have been put  into the search for 
new pr ime factors of both s tandard  and GFNs.  At the t ime of wr i t ing this article, 195 pr ime 
factors of F,~ have been found with m reaching 382,449 [6-10], while the known pr ime factors 
for GFNs  Fro(a, b) with a,b <_ 12 belong to signif icantly smaller exponent m [11,12]. The search 
for new factors is most ly performed by checking the divis ibi l i ty of pr ime candidates of the form 
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p -- k • 2 n ÷ 1. The main work involves m successive squarings of the bases a and b in E v, 
that means to deal with numbers of more than 90,000 decimal digits using special techniques of 
computation, such as an FFT-based multiplication algorithm for large integers [13]. Complete 
tables of factors can be found in [1,11]; one needs only to add the latest factors for standard 
Fermat numbers found by Young [10] and others [6]. 
Factors of Fermat numbers of the same bases are always different (apart from the factor 2 
when bases a and b are of the same parity), but this does not hold when the bases are differ- 
ent. Riesel [14] developed a method for using prime factors p = k .  2 n ÷ 1 of standard Fermat 
numbers Fm to find factors of GFNs of other bases 2ak ~, a,/3 > 1. Nevertheless, it should be 
pointed out that the exponent a may be zero as will be demonstrated in Theorem 2.2. Recently, 
Dubner and Keller [12] observed and demonstrated theoretically that the frequency of a prime 
factor p -- k - 2 n ÷ 1 in Fermat numbers of other bases is nearly equal to 1/k,  and thus, factors 
with a low k are repeated often in different GFNs. 
The three theorems in Section 2, give some divisibility properties of standard and generalized 
Fermat numbers. Theorem 2.1 shows a sufficient condition for a prime of the form k • 2 ~ + 1 to 
be a divisor of a base-k GFN, whereas Theorems 2.2 and 2.3 exhibit two cases of common factors 
of GFNs. These theorems allow us to find certain factors without computations, ee Table 1. 
In Section 3, we consider some deviations from the statistical behaviour pointed out by Dubner 
and Keller [12] on the divisibility of GFNs by primes with low k values. Finally, we attempt 
to explain an anomaly observed in the known factors of standard Fermat numbers, namely the 
relative abundance of odd exponents n; in fact, 118 factors have odd exponent n, while 77 factors 
have even n. 
2. SOME D IV IS IB IL ITY  PROPERTIES  
OF  GENERAL IZED FERMAT NUMBERS 
LEMMA 2.1. Let  p = k • 2 n q- 1 be a prime, with k odd. Then  p divides the general ized Fermat 
number  k 2m + 1 i f  and only  i f  it  divides 2 n2" + 1. 
PROOF. From the obvious k .  2 ~ -- -1  (rood p), we obtain k - -1 /2  n (rood p), and thus, 
k 2m - -1  (mod p) is equivalent o ( -1 /2~)  2'~ - -1  (mod p); the result follows taking the 
multiplicative inverse on both sides. 
THEOREM 2.1. Let  p = k .  2 n + 1 be a prime, wi th  k odd, let v be the largest integer such that  2" 
divides n, and u be such that  2 is a 2 u th power  residue modu lo  p but  not  a 2 u+l th power  residue 
modu lo  p. Suppose  that  n and k have a common divisor d >_ 3, and that  i f  we denote k I := k /d ,  
then 2 is a k ~ th power  residue modu lo  p. Then p [ k 2"~ + 1, wi th  m = n - u - v - 1. 
PROOF. By Lemma 2.1, it suffices to show that 2 n2,'~ _-- -1  (rood p) for an appropriate m. First, 
we note that 2 is a 2 uth power residue and at the same time a k ~ th power residue (rood p), then 
it is a kt2 uth power residue. Indeed, let a and b be such that a2 u + bk ~ -- 1. Then the two 
congruence x k' - 2 (mod p) and y 2~ - 2 (mod p) (which hold for appropriate x, y), raised to 
the power a2 ~ and bk ~, respectively, and then multiplied together, give 
(xayb) k'2,' -- 2, (mod p), 
and this proves the claim. (When a or b are negative, the inverse modulo p is implicitly taken.) 
On the other hand, 2 cannot be a k~2 ~+lth power residue (mod p) since otherwise it would be 
a 2 u+l th power residue which, by definition of u, is not the case. Hence, by Gauss' extension of 
Euler's criterion we have 2 (p-1)/k'2u --~-- 1 (mod p), but 
2 (p-1)/k'2~+l ~ - -1,  (mod p). 
Now, by definition of k', we have (p - 1) /kt2 u+l = d2 n -u - l ,  hence, the above congruence gives 
242 . . . .  1 _ 1, (mod p). 
Table 1. Prime 
m shows that  it 
Generalized Fermat Numbers  
factors p = k. 2 n + 1 dividing Fra (a, b). An • preceding the exponent  
is determinated exactly by the theorem. 
n 
3 59973 
3 80190 
3 157169 
3 157169 
3 213321 
3 213321 3 
3 303093 3 
3 303093 3 
5 125413 5 
5 125413 5 
7 95330 7 
7 95330 7 
a b m Theorem 
3 1 59970 
3 1 80187 
3 1 *157167 
3 2 157166 
3 1 *213319 
2 213318 
1 *303088 
2 303087 
1 *125410 
2 125409 
I *95327 
2 *95328 
n'd2 v and raise We now define the (odd) integer n ~ by n = 
2.1 
2.1 
2.2 
2.3 
2.2 
2.3 
2.2 
2.3 
2.2 
2.3 
2.2 
2.3 
ti le above to the n'  th power, to obta in  
2n 2 ......... 1 -z -1 ,  (rood p); 
together  with Lemma 2.1, this completes the proof of the theorem. 
In the special  case where k divides n, we have k' = 1 and Theorem 2.1 shows that  p is 
always a divisor of a Fro(k),  for some m. Otherwise, the condit ion in which 2 is a k' th power 
residue (rood p) must be checked. This condit ion holds when the congruence 2d2'' -= l (mod)p  is 
satisfied; on the other hand, checking that  p divides F~(k)  is equivalent o check the congruence 
k 2''' - - l (mod)p .  A direct verif ication of the divisibi l i ty by p takes fewer comput ing operat ions 
because m < n. From the table in [1, p. 389], 17 primes with k = 3 divide a base-3 GFN.  six 
pr imes with k = 5 divide a base-5 GFN,  four primes with k = 7 divide a base-7 GFN.  eight 
pr imes with k = 9 divide a base-3 GFN and in tota l  62 primes with k _- "~ 199 are divisors of a 
GFN by the above theorem. 
THEOREM 2.2. Every  pr ime factor p = k • 2 ~ + 1 of  a standard Fermat  number  F , ,  = '2 ~'' + 1 
divides F~(k)  = k 2' + 1, where r = m - l, and 1 is such that  .n = 21n t, odd n'. 
PROOF. We assume that  the condit ions of the theorem are satisfied. By Lennna 2.1. we nlay 
consider the number 
and this proves the result. 
REMARK. I fp  = k. 2n+ l lF~(k)  and k = 12'~ , then p I F,.+~(I). This is the case t()r 81-'2121~;9 _u 1 
a factor of F12185 (see [1, p. 387]). As 81 = 322, it follows that  
81 • 2121s'q + 1 I F l2187 (3) . 
It is easi ly shown that  p also divides Fr(kt ) ,  tbr any integer t >_ 1, and r as in Theorem 2.2. 
Let, t = 2~t ', odd t'; we can then write k t2-~2'' :=- ( -1 )  t' (rood p), and therefore, p I F ...... Ikt). 
THEOREM 2.3. A common factor of Fro(a) and Ft(b), m >_ l, is also a factor of  Fr(a,  b), where  
r = m when m > l, and r < m whenever  m = l, provided p does not  divide (a - b). 
PROOF. When rn > l, raise the congruence b~z -: -1  (mod p) to the power 2 m-I and add the 
congruence a2"~ = -1  (modp) ,  so that  a 2'" +b 2"' =-0 (modp) .  I fm = l, then a 2 ' ' ' -b  ~'" ~ 0 
(rood p). It can thus, be factorized as 
(a  2 ..... 1+b2 ..... 1) (a2  .... 2+b2 ..... 2 ) . . . (a+b) (a -b )~_O,  (modp) .  
i f  p does not divide (a - b), then it must divide F,.(a, b), r < m. 
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Table 1 reports factors of GFNs, larger than those previously known which were found using 
primes with small k published by Young [6,10]. 
3. SOME ANOMALIES  IN  THE FACTORS OF  GFNS 
In this section, it is shown that the statistical deviations observed in the factors of GFNs [12] 
can be explained with the theorems of Section 2, and by noticing the relations between k and n in 
primes of the form k. 2 n + 1. For example, it is easy to see that n must be odd when k = -1  (mod 
3), or even when k ~ 1 (rood 3), because otherwise the number is divisible by 3, and therefore, 
it is not prime. Note that an odd power of 2 is congruent o -1  modulo 3 and is congruent o 
+1 in the case of an even power. More generally, it can be seen that testing numbers of the form 
k • 2 n + 1 for divisibility by a prime q may be done as follows: let w be the order of 2 modulo q 
and let 2 ~ -= -k  -1 (rood q) whenever 5 exists. If 
n = wt  + 5, t > 0, 
then q divides k. 2n+ 1; this process can be called sieving. Since the smaller primes sieve out most 
of the candidates for primality, it suffices to consider only these for our rough statistical purposes. 
The sieving of numbers with k = 3 for q = 5, 7, 11, 13, and 19 eliminates those with n = 4t + 3, 
n = 3t + 1, n = 10t + 7, n = 12t + 2, and n = 18t + 14, respectively, (note that 3, 17, and 23 are 
never divisors because (f does not exist). Note also that the sieving by q = 5 eliminates one in 
every four numbers with n as a multiple of 3, while q -= 7 does not eliminate any number with n 
as a multiple of 3, and so on. After sieving, a lot of prime numbers remain with n as a multiple 
of 3, and these are divisors of a base-3 GFN by Theorem 2.1. They represent the majority; in 
fact, only two primes (with n = 41 and n = 209) are divisors of base-3 GFNs without complying 
with Theorem 2.1 (they are explained by Theorem 2.2). This fact explains the observation of 
Dubner and Keller [12] (Section 5), concerning the high occurrence of primes with k = 3 dividing 
a base-3 GFN. In the same way, we can explain the high proportion of primes, with k = 5 
and n a multiple of k, that divide a base-5 GFN. For higher values of k, Theorem 2.1 applies 
less frequently because the exponents n which are multiples of k are more sparse. In [12] (see 
also [15]), it is also observed that there are eight out of 18 primes with k = 5 dividing a standard 
Fermat number and two-thirds of them divide a base-5 GFN. This can again be explained by 
Theorems 2.1 and 2.2, where the latter applies to about one-third of the instances. 
The observation in [12] that all primes with k = 3 (except he prime 7) divide a base-8 GFN 
may be easily generalized as follows: every prime of the form k • 2 n + 1 divides a base-b k GFN 
provided b _> 2, p ~ b and p ~ b k - 1; this follows easily from applying the little Fermat Theorem. 
Finally, we consider the anomaly mentioned in the introductioa, about the relative abundance 
of odd exponents n in prime factors of standard Fermat numbers (118 with odd n and 77 with 
even n). First, a theorem (due to Morehead) in [16] shows that a divisor of a standard Fermat 
number with k = 3 must have an odd exponent n. Whenever k = 5, n must be odd to be a prime 
factor, because k - -1  (rood 3) (see above in this section). The prime factors of standard Fermat 
numbers with k = 3 and k = 5 are more abundant and they have always an odd exponent n. Even 
if small values of k are not considered, odd exponents are still somewhat more abundant (74 odd 
and 55 even for k _> 31). Thus, there probably exist more general theorems related to Morehead's 
in [16], imposing conditions on n with respect o k in the factors of standard Fermat numbers. 
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